Capture numbers are used in models of nucleation and growth on surfaces, and have been widely applied to predict nucleation densities and other quantities via rate equations. In conventional nucleation theory, much effort has historically been expended on obtaining good PACS #68.55a, 82.20Kh, 82.20Pm, 81.55Aa, 81.15Kk, 81.10h *
Introduction
The processes involved in nucleation and growth on surfaces have received widespread attention over the last thirty years. It is now well known that individual atomic events can strongly influence and even dominate the final micro-or nano-structure of epitaxial thin films [1] . Scanning tunneling microscopy (STM) [2] and field ion microscopy (FIM) [3, 4] experiments are able to follow such individual events. The data obtained on uniform (single crystal) substrates can be analyzed in detail to obtain diffusion mechanisms, and amongst other quantities, energies for adsorption (E a (for the rate of adatoms forming pairs) or σ x D 1 n 1 n x (for the rate of adatoms joining stable clusters). In these terms σ 1 and σ x are capture numbers, the subject of this paper, and D 1 is the single-adatom diffusion coefficient.
Throughout the whole field of materials science, there are typically two extreme types of kinetics: diffusion-limited and attachment-limited [5] . The purpose of the present paper is to examine capture numbers used for nucleation and growth on surfaces, to derive quantitative expressions for both limits, and interpolation schemes for intermediate cases. In particular, several recent STM experiments at low temperatures on smooth metal surfaces [6, 7] and associated ab-initio calculations [8, 9] have highlighted attachment-limited behavior, due to the presence of repulsive barriers between adatoms. Here it shown that these effects modify the results of conventional (sometimes called classical) nucleation theory (CNT), by extending the transient nucleation regime to higher dose. New formulae are given for the capture numbers on the assumption of radial symmetry. These expressions are tested against kinetic Monte Carlo (KMC) simulations. As a result, the maximum repulsive interaction energies can be reliably extracted from recent experiments on close-packed metal surfaces; here we concentrate on Cu/Cu(111), but the methods developed may also be applied to other systems.
Mean-field self-consistent capture numbers
Capture numbers for particular processes express the probability of the corresponding reaction, and need to be evaluated self-consistently in order to obtain quantitative solutions to 3 models. The need for self-consistency arises because adatom-adatom, adatom-cluster, and cluster-cluster correlations, all forms of self-organization, appear as growth proceeds; this necessity was recognized in early papers [10, 11] and continues to attract much interest.
Two diffusion solutions were found almost thirty years ago [10] , the first being the uniform depletion approximation; here the other clusters that deplete the adatom concentration round a given cluster are uniformly distributed. The other solution, where the clusters were placed regularly on a grid, leads to the lattice approximation [12] . In time, it was realized that the uniform depletion solution was in fact a mean field approximation, analogous to such approximations used in many other fields; this label has often been used since.
The self-consistent label was introduced more recently, in an important paper that compared KMC simulations with rate equations [13] . In this paper, which discussed the case when adatom pairs are always stable (the critical nucleus size i = 1), the comparison was excellent for the monomer and nucleation densities. In particular, as we emphasize below, the mean-field self-consistent capture numbers are the same as those produced by the uniform depletion approximation for this restrictive case, when no complicating factors (adatom evaporation, small cluster instability (i > 1), or cluster diffusion) are considered. As shown earlier [10] , an exact solution for the capture number is available when evaporation is dominant.
Moreover, it was also shown that intermediate cases could be treated, by defining the adatom lifetime τ, where the various components of τ add inversely. This idea of competitive capture [1, 14] was then developed quantitatively to allow for individual processes in the equation for the adatom density n 1 + ...; (1) here τ a is the adsorption lifetime, τ n the nucleation lifetime, and τ c the lifetime due to capture of monomers by stable clusters; Z is the coverage of the substrate by (stable and unstable) clusters, not including monomers. The advantage of this formulation is that other processes (... in equation 1) can be added as required in the same fashion.
If evaporation is not important, we may divide through by F, so that the independent variable becomes θ = Ft, the dose deposited on the substrate. For the case of i = 1, we have 
Comparing equation (2) with equation (10) of ref [13] , we see that they are the same, since the stable cluster density σ x n x is the sum of σ s n s for all sizes s ≥ 2. We have included in equation (2) 4 the main direct impingement (called direct capture in [13] ) term, resulting from deposition onto stable clusters; but we have omitted the other one, resulting from deposition onto monomers, for simplicity, but both are generally unimportant at low dose (see e.g. figure 1 (b) of ref. [2] ). For a discussion of direct impingement see refs. [10] , where the subscript s is k, and [12] .
Following refs [1, 10, 14] , we may write the nucleation rate of stable clusters in the general case as
where n i is the density of critical clusters. By transforming to θ we obtain the nucleation rate for
where β = (kT) -1 , and the Walton equilibrium relation has been used to express n i in terms of n 1 and the cluster energy E i ; C i is a statistical weight, and U c is a term due to coalescence of islands [1, 10, 14] . When i > 1, the nucleation term in equation (2) needs some modification, as it represents the loss of adatoms in the nucleation event itself; often this term is unimportant numerically, but we need to retain it here. The CNT adatom and nucleation densities follow from the interplay of equations (2) and (4), or equivalently the general forms (1) and (3).
The above nucleation equations need to be coupled with some form of cluster growth rate equation (e.g. uniform growth of circular 2D or 3D islands [1, 10, 14, 15] ) or capture area argument, such as those based on the size distribution of Voronoi polyhedra around individual islands [11, 15] . The common feature of these equations is that the calculation of each capture number involves the solution of a diffusion equation, at the given densities (n 1 , n i , n x ), which also contains the various capture numbers σ 1 , σ i and σ x in the argument of the solution. These capture number equations can then be solved self-consistently as functions of n 1 , n i and n x by numerical iteration.
Given this intrinsic complexity, it is natural to look for the simplest formulation first. For 2D problems on a substrate a radial diffusion equation is constructed as function of r, neglecting any azimuthal (φ) variables, and the flux into an individual island is calculated to obtain the capture numbers. This, of course, may limit the physics, and it is known, especially from FIM studies on individual crystalline substrates [3, 4] , that such φ-dependencies do exist and can be strong. However, for the case of Cu/Cu(111) to be considered in section 5, azimuthal isotropy is a very good first approximation, as shown by isotropic nearest neighbor distance histograms [7] .
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There is some possibility of confusion in the notation: θ cannot be used as an angle here, because it denotes the dose. When evaporation is unimportant, θ and Z are often used interchangeably, as both are measured in monolayers (ML). But here we maintain the distinction, because the difference (θ -Z) can be important; for example, for 2D ML-thick islands and i = 1, it represents the coverage of the substrate by adatoms. For 3D islands of a given shape the relationship is specific, but more complicated [10] . We also have written D 1 for the adatom diffusion coefficient, in contrast to the more usual D; this is because we wish to define more than one type of diffusion coefficient.
The Bessel function form of the capture numbers for the diffusion-limited case have been well known since the 1970's, but have not been uniformly applied in subsequent papers [16, 17] .
As a result it has sometimes been assumed that concern over self-consistency started in 1994 with ref. [13] ; this topic has been carefully evaluated more recently in ref. [18] , which has clarified the record and made many useful observations and comparisons. As shown in Appendix A, the formulation in [13] for i = 1 is the same as the uniform depletion approximation given in ref. [10] , where the contribution of the nucleation event itself to growth was neglected as being numerically unimportant. Thus the early and later rate equation formulations are in practice identical, and treatments based on equation (1) above can be more general.
What is particularly new in [13] , and in many subsequent papers, is the comparison with KMC simulations [15, 16] and more recently with level set methods [18] , especially for cluster size distributions n s (s) and spatial distributions. While the rate equations used in CNT yield essentially perfect agreement for average quantities such as n 1 and n x , it is by now well known that they fail to account adequately for size and spatial distributions, because of the statistical nature of nucleation, and the fact that cluster growth depends on the local environment, i.e. on adatom-cluster correlations. There is also an intrinsic time dependence of the capture numbers themselves, dependent on initial spatial distributions. These features are the subject of ongoing work by several authors [15, 18] ; the time dependence is not addressed in the first sections of the present paper, but is discussed in sections 4-6, largely in relation to specific results for Cu/Cu(111).
Diffusion-versus attachment-limited kinetics
Although the distinction between diffusion-limited and attachment-limited kinetics is generally well known in materials science [5] , there have not been many publications in the sub-6 field of epitaxial crystal growth, and the situation is rather confused. Thus, for example, it was concluded from a detailed first-principles theoretical study [9] that repulsive interactions between adatoms rendered nucleation theory 'inapplicable'. As shown below, this conclusion is too strong, and should be replaced by the weaker statement: A theory based on diffusion-limited kinetics alone may be inapplicable to systems where the repulsive interactions are of the same order of magnitude as the diffusion barrier. Attachment-limited kinetics has only been explored with rate equations to the authors' knowledge in one paper [19] , and the formulation and conclusions are re-examined below. In particular, it is found that the problem can be formulated more generally, and that there are two sub-cases leading to rather similar results. Attachmentlimited kinetics has been addressed more recently via KMC simulations [9, 20] , and one aim here is to compare the two approaches. As the present paper was finalized, another paper [21] was published with similar interests to our own. Some brief comments are made in section 4.
The first case is that there is an additional attachment barrier, of height E B , at the interface of the growing island, as illustrated schematically in figure 1(a). This case was treated explicitly but not very generally in [19] , and led to a change in scaling law for the nucleation density in the steady state regime. The scaling law derived in [19] is confirmed here in Appendix B, using a simpler argument, and preserving all the pre-exponential terms in the low coverage regime. This case constitutes a modification to the capture number σ k , (i.e. k =1, i, s or x, leading to σ x for the average-sized cluster) by an attachment-barrier capture number σ B , which add inversely as
where σ D is the diffusion-limited capture number. The capture number σ D is just the σ k given in equation (A2) in the uniform depletion approximation. These capture numbers add inversely because the diffusion flux across the barrier is conserved. In ref. [19] the steady state formula is derived in the low-coverage limit of the lattice approximation for σ k , but equation 5 above shows that the result holds more generally. In this formulation, the extra barrier energy E B is incorporated into σ B , rather than into a modified diffusion coefficient as in [19] . The details are spelt out in Appendix B.
The specific case of complete condensation with i = 1 and 2D islands is illustrated in and V is the value at large r, plays a role similar to E B in the first case, if for different reasons.
However, in both cases, an important point, apparently missed in ref [19] , is that steady ) and particularly to lower (D 1 /F = 10) values, where it is well known that the transient regime is extensive even without barriers [16, 26] . Values of θ >>0.1 ML are unrealistic in the simplest model, as we would need to consider coalescence and second layer formation in detail, neither of which forms the main point of this article.
However, low values of B are perfectly realistic: such values imply that a very high density of adatoms can be maintained in a long term, but metastable, state. In that case, the approximation that θ and Z are interchangeable fails drastically; then steady state formulae for the densities n 1 and n x , and also for the capture numbers σ 1 and σ x , are inappropriate. Such effects are needed for the evaluation of data taken at suitably low temperatures with strong enough attachment barriers [6, 7] . Once formulated, such a treatment is also suitable to follow annealing, including the (irreversible) formation of clusters when the temperature is high enough for the attachment barrier(s) to be surmounted.
Capture numbers with long-range repulsive interactions
Recent STM work at low temperatures [6, 7] has demonstrated the existence of oscillatory long-range interactions between individual adatoms on close packed metal surfaces. This interaction has been explained by Friedel oscillations in the surface state electrons, since it shows the characteristic asymptotic E(r) = -Asin(2k F r+2δ)/r 2 dependence [22] . Here, A is the amplitude, r the radial distance, k F the surface state Fermi wave-vector, and δ the scattering phase of the surface state electrons at the adsorbate. This asymptotic form of E(r) is, when focusing on pair interactions, found to be valid down to r = 1 nm for Cu and Co/Cu(111) [7] . While this oscillatory long-range interaction never exceeds 2 meV, there is a short-range repulsion for r < 0.7 nm, which has been estimated to have a maximum of 13 ≤ E max ≤ 19 meV, localized at r = 1 to 1.5 nearest neighbor distances [7] . We return to this system in section 5.
To describe the effect of such interactions on capture numbers, we need to start from a general position, which allows for an arbitrary, but in our case radial-symmetric, potential energy landscape V(r) around each adatom and cluster. These interactions are mediated by electrons in the surface states of the substrate, and at very short range presumably also by elastic and direct interactions. These interactions are attached to the individual (moving) adatoms; so they are different in kind from those due to substrate defects. Indeed, due to the repulsion, their effect is just the opposite; they act to suppress nucleation rather than enhance it.
We are interested in solutions of a diffusion equation for the adatom concentration n 1 (r), when there are sources and sinks at various positions. The steady state solution with V(r) = 0 is typically known [1, 2, 10] . The simplest case to think about is when we have a loss term governed by a characteristic lifetime τ. The governing partial differential equation (PDE) is then
where j(r) is the diffusive flux at radius r. The source term G is equal to F during deposition and typically zero during annealing. All variables in equation (6) [23] that it may be difficult to calculate either diffusion coefficient accurately, but that under certain reasonable conditions [24] , (D/D*) = β(δµ/δ(ln(c)). The simplest expression for j(r), using this ratio, is
We now need the expression for µ(r) for a non-ideal adsorbed gas, which is µ(r) = µ 0 +
ln(γc), where γ is the activity. For this form of µ(r), the original definition of j(r) can be written as [23b, 24]
the term (1+δln(γ)/δ(ln(c)) is known as the thermodynamic factor. This form (7b) generalizes to include non-zero V(r); but in any case these two expressions for j(r) are consistent, since for the
To calculate capture numbers in our mean field model, we need the expression for µ(r) in the neighborhood of the adatom or cluster under consideration (at r = 0), in the presence of all the other adatoms and clusters. Thus the average, spatial independent µ, can be subtracted off to
Here V is the potential due to all the other adatoms and clusters at the mean density, so the large-r limit of V(r) = V; the logarithmic concentration-dependent term depends on the ratio of the local value of (γc) to its mean value.
Pooling the above expressions (7), and using c = n 1 (r), we find that
The derivative of γ(r) is needed to obtain D in the first term in equation (8) but D* remains in the second term [24] . Moreover, if we assumed γ(r) = γ in the model, the thermodynamic factor would be unity, so that D and D* would be the same; but the following treatment is kept general for as long as possible.
Using equation (8), equation (6) becomes
Equation (9) is to be solved in various approximations. Note that although the r-dependence is written out explicitly for n 1 and V and there is an implied time-dependence, the 'constants' G, τ, D and D* may also be functions of position (e.g. via concentration or a diffusion energy), or in the cases of G, τ, of time (e.g. during deposition or annealing), without changing equation (9).
When V(r) ≠ 0 and D = D*, equation (9) can usefully be rewritten with n 1 = n.exp(−βV(r)), because then the last term in (9) is cancelled by part of the expansion of the previous term. Now we are restricted to one diffusion coefficient, notionally the tracer diffusion coefficient. But real simplification is not possible unless D* is independent of position, in which case it is simplest to take D* = D 1 . It is however, otherwise not necessary to assume low concentrations, or that γ = 1. Equation (9) then yields a differential equation for n, rather than n 1 , which can be reordered to give
where in 2-dimensions,
. In passing, we note that essentially the same continuum problem in the presence of a radial symmetric potential has been studied independently very recently [21] , via an atomistic formulation on a square lattice, yielding terms equivalent to equations (9) and (10).
Equation (10) is clearly a form of Bessel equation, but with non-constant coefficients, and non-zero terms on the right hand side. Two limiting solutions are worth highlighting.
The first is the equilibrium case, where both ∇ ∇ ∇ ∇n(r) and ∇ This equation is only consistent if τ = τ 0 .exp(-βV(r)), where τ 0 exp(-βV) is the constant value of τ at large r. Then during deposition, with G = F, n 1 (r ) = Fτ 0 exp(-βV(r)) and n 1 (r →∞) = Fτ 0 exp(-βV). Thus under these circumstances, n 1 simply reflects the Boltzmann distribution for the potential V(r). This limit is easily visualized for the evaporation dominant case, where τ = τ a .
Then, at long times, n 1 = Fτ a , with τ a dependent on the adsorption energy E a as ν a
where ν a is the appropriate frequency factor [14] ; it follows that with the repulsive energy V(r),
], which at large r has the expected limit ν a
corresponding to a reduced adsorption energy. At finite coverage of the substrate by islands, G = F(1-Z) in the above expressions; the argument generalizes to all times by considering equations (10) and (1) together, giving the differential equation for (n 1 (r)-n 1 ) in the same manner as [13] .
The scaling of n 1 (r ) with exp(-βV(r)) might be expected in the general case also, though this is certainly not obvious, and indeed τ may be considered to be an independent variable, to be determined iteratively alongside n 1 and n x . At first, we consider (D 1 τ) to be slowly varying spatially, so that the function needed to solve (10) has a similar form to equation (A1), namely
where the function f(r) is to be determined. Note that this equation still allows for timedependence, via the relation between n 1 and Gτ 0 , and in the arguments X and X k , which are of the form r/(Dτ) 1/2 or equivalently (r/ ξ), see Appendix A. If we now demand that there is a perfect sink at the boundary of a k-sized island, r k , and convert back to n 1 (r), we find that the only solution of this form is
or equivalently equation (12), with
. From the definition of the capture number in terms of the flux (σ(r)n 1 D 1 = -2πrj(r)), taking the limit r→r k , we can show using equation (8) that the capture number corresponding to (13) is
Note that the capture number is reduced, relative to the standard diffusion expression (A2), by Over time, correlations develop with the diffusion solution becoming dominant.
The next stage is to consider application of equations like (12) to (14) for specific forms of V(r), and the effect on the nucleation density via the capture numbers σ x , σ 1 and σ i , i.e. via σ k in general. Some physical arguments are given in the text, and some comments on the mathematics are made in Appendix D. The main point is that equation (14) shows an exponentially reduced capture number over the usual diffusion solution. If V(r) peaks at r = r k , the solution is still typically diffusion-limited. The radial distribution n 1 (r) evaluated according to equation (13) is shown in figure 4 , for the specific case of a Lorentzian V(r). Thus in figure 4 (a) we show the case of (D 1 /F) = 10 There are no qualitative changes if we choose other (larger) doses at which to make this comparison.
However, if the maximum of V(r) occurs at r 0 > r k , then equation (13) can go negative, yielding an unphysical result for n 1 (r) in the region r < r 0 . This corresponds to a solution that is attachment-limited at a larger radius; in other words, we have assumed a diffusion solution that cannot be maintained at smaller radius. The real physical solution can be restored by considering a reduced diffusion gradient such that n 1 (r) is still positive at r = r 0 . A single jump is typically all that is needed for the adatom to reach the sink at r k , since the potential aids capture of adatoms for r < r 0 . Then equation (14) can be recalculated substituting this larger radius r 0 in the argument Note that the solution of the rate equations does not need these radial plots, which are included for illustration; only the capture numbers σ k are needed, which are functions of r 0 and r k , as set out in Appendix D. When the capture number involves both diffusion-and attachment-limited terms they combine essentially as in equation (5). This point is illustrated using a single experimental example in the next section.
Nucleation, annealing and energy barriers on close-packed metal surfaces.
In order to compare with experiment, we still need to program the equations described in this paper, and to take care of all the material and numerical constants with sufficient accuracy.
We illustrate this here with a single example, Cu/Cu(111), for which recent deposition and annealing data are available [6, 7] , and for which it is known we are dealing with complete condensation and small 2D islands. Two types of program have been developed in MatLab This is a good approximation for Cu monomer diffusion on the trigonal Cu(111) surface, since both experiment [7] and theory [8] find diffusion to occur between fcc-sites only; i.e. the hcp-site is as unstable as the bridge site. The simulations involve, apart from substrate temperature and deposition flux or annealing time and the fact that growth is irreversible (i = 1), the same three parameters as in section 3: the diffusion energy E d and attempt frequency ν for monomer diffusion, and the additional energy barrier E B for lateral attachment to an island or another 14 monomer. The attempt frequency of the attachment process, which is the last jump towards and island or an adatom, is assumed also to be ν; the total barrier for this process is (E d + E B ). The repulsive potential has its maximum at 1.5a and is felt by atoms approaching an island or monomer from 2a (a = nearest neighbor distance). Atoms further away than this, or atoms diffusing away from, or parallel to the island starting at distance 2a, diffuse with the unperturbed terrace barrier. Atoms deposited on top of an island, or a monomer, are allowed to descend the step and atoms deposited onto a site with a neighbor atom are stabilized there. To produce statistically meaningful results the simulations were performed several times on a large lattice (1000x1155 sites), each time with a different initializing value (seed) of the random number generator [28] .
In the limit of slow attachment, and sharp barriers, our two approaches should be respectively, where we take r 1 = 0.5. A radius r 0 = 1.5 (measured from the origin) was suggested from the KMC simulations, and the ratio (n x /n 1 ) determined as (4±2).10 
The curves for V 0 = E B = 5 and 10 meV are in essential agreement with this simple formula over the whole range of annealing conditions shown in figure 6(a) . By extension, they would also be in perfect agreement with equation (15) shown.
At the other end of the scale, equation (15) gives far too much annealing when V 0 = E B = 0, most obviously seen in figure 6(a) by the gross discrepancy in the prediction of n 1 . Thus for the lower values of V 0 or E B , or for longer annealing times, an interpolation scheme is needed, which will take the value of the capture number from an initial uncorrelated value to a final diffusive value over the correct range of (D 1 t). By examination of the coupled rate equations for annealing, analogous to equations (2) and (4) for deposition, we can see that the independent variable is (D 1 t) , and that the only other parameter is B V , which enters via equation (15) . The details are given in Appendix D.
A particular set of the resulting curves is shown in figure 6(b) , based on the formula
where σ kd is the diffusive contribution given by equation (14) , and f t is a transient factor, such that at (D 1 t) = 0, f t = 1, and as (D 1 t) → ∞, f t → 0. Short of a complete closed form solution to time-dependent equations for the capture numbers, we have experimented with justifiable forms of f t ; our best fit to date is given in figure 6(b) . The physical argument used is that the transient is due to capture from a diffusion zone around the adatom or cluster considered, whose radius r d increases with time as some function of (D 1 t) and B V . The details are discussed in Appendix D.
In the corresponding annealing experiment for Cu/Cu(111) [7] , no further cluster + n x )/(n tot ), where n tot is the initial sum of (n 1 + n x ) after deposition at 16. we can infer that 9 < V 0 < 14 meV from figure 7. This result assumes that the onset of dimer formation corresponds to a 10% decrease in the total density (n 1 + n x ) after 2 min annealing.
Since, however, time and coverage were not specified precisely in [7] , we prefer to retain the estimate derived from the considerations in the previous paragraph. This maximum, V(r 0 ), lies between 10 and 14 meV, and is not very sensitive to the exact choice of the radius r 0 . This lack of sensitivity to r 0 arises because direct impingement terms are not active during annealing, and diffusion terms are modified only slightly by r 0 . The energy values deduced are however sensitive to the choice of capture number expression, and do require the inclusion of transient effects in the capture numbers themselves, as discussed above.
Discussion and conclusions.
We have examined the form of capture numbers, and presented rate equations for deposition and annealing, including the effects of additional attachment barriers, both for extra diffusion barriers and for potential fields of longer range, in the neighborhood of adatoms and clusters. We have derived the form of the adatom and nucleation density as a function of material parameters in various sub-cases. We have shown that such barriers extend the transient regime in the early stages of deposition. Analytic expressions for these capture numbers predict cluster densities in essentially perfect agreement with kinetic Monte Carlo simulations during low temperature deposition. However, direct impingement, even onto individual adatoms, can be an important process, if diffusion capture is hindered by attachment barriers.
Transient effects on capture numbers in the presence of the repulsive potential V(r) have been estimated for the case of Cu/Cu(111). For the experimental doses and annealing times, they increase the capture numbers initially, and reduce in importance during annealing. A suitable interpolation scheme is proposed which spans the transient regime. We have used this scheme to obtain lower and upper bounds to the maximum in the repulsive potential 10 < V 0 < 14 meV, somewhat lower than a previous estimate of 13-19 meV [7] . By quoting relatively wide error bars, we have ensured that any remaining uncertainties in the capture numbers do not affect our quantitative conclusions about energies in the Cu/Cu(111) system. There may still be some further avenues to be explored, but these are probably best approached in the context of particular experimental results, since otherwise the number of under-determined parameters can become too large.
Appendix A: Diffusion solutions for capture numbers
The uniform depletion solution for the radial dependence n 1 (r) on a 2D substrate, with a perfect sink at r = r k is given by [10, where
the corresponding capture number is obtained from the flux equation
The arguments X = r/(
of the Bessel functions K 0 and K 1 set the length scale where the adatom density is depleted in the vicinity of a k-cluster. The self-consistency condition arises because these arguments are themselves a function of (other) capture numbers.
For example, in the complete condensation case, where the dominant contribution to
. So if equation (A2) Bales and Chrzan [13] described the same phenomena in terms of a characteristic length scale ξ, so that the argument X in (A1) is just (r/ ξ). The expression for σ k (k = s in [13] ) is equation (A2), and from the correspondence, ξ 2 = D 1 τ. These authors included all the terms relevant for complete condensation when i = 1, including the two diffusive terms given here in the text in equation (2), and the small direct impingement term (atoms falling directly onto adatoms). Without this last term, ξ is given by
Thus (A3) can be incorporated into (A2), with the added complexity that σ k now depends implicitly on both σ x and σ 1 , or in general σ i . Equation (A3) is the same as the text equation (1), where the two terms τ n −1
and τ c −1
have been retained. These equations can thus be extended to include other processes, such as evaporation, and for general i-values; but if several processes are important simultaneously, simple scaling with material parameters will be lost, as the price of completeness.
Appendix B: Steady state effects of attachment barriers (i) Introduction and summary
Kandel [19] has given a discussion of the effect of island edge barriers, for 2D circular islands, no re-evaporation or coalescence, and a general value of the critical cluster size, i. He showed that in steady state conditions, the nucleation density scaling could be changed from the diffusion-limited value i/(i+2) to the larger attachment-limited value 2i/(i+3). This exponent is confirmed here by a more transparent argument, which does not depend on the particular form of capture number he used, which was equivalent to the lattice approximation at low coverage. It is also shown here that when there is an attachment barrier, the capture numbers for diffusion σ D and for the barrier σ B combine inversely as in equation (5); this equation is valid in general, as it rests on the continuity of the diffusion flux across the barrier.
We start here from equations (2) and (4), in the case where the nucleation term (e.g. .dθ} (B2)
From the form of equation (B2), we can see that the normal n x power law scaling with (F/D 1 ), i/(i+2), is obtained provided that the integral over the capture numbers in (B2) is well defined, and does not contain any material parameters. This is the case for complete condensation, where the capture numbers are slowly varying Bessel functions as outlined in Appendix A. A full discussion of various numerical possibilities was given in ref [16] .
(ii) Power law modification by attachment barriers
In the presence of an attachment energy barrier E B , there are various ways that the above equations could be modified. We can change either σ x or σ i or both. In ref. [19] new variables S = Dexp(-βE B ) and S* = Dexp(-βE B *) were introduced to modify stable and critical cluster capture processes respectively, but the definitions of σ x and σ i were left as before. That ansatz associates the barrier uniquely with diffusion in the mind of the reader; specific examples were 20 given only for E B * = E B . Here, we prefer to incorporate the barrier properties into the definition of the general capture number σ k , as the different limits then arise naturally.
The diffusion limit σ D in the mean field approximation is just σ k given in equation (A2).
It remains to estimate the attachment limit σ B . We can see qualitatively that when the attachment limit is needed near r = r k , there will be little long-range diffusion field, and n 1 (r k +1) ~ n 1 , the average value [25] . The number of sites around the periphery of the cluster is of order 2π(r k +1); from these sites, adatoms can jump towards the cluster with probability per unit time (ν d /4)exp(-
. The rate at which adatoms join the cluster is by definition σ B D 1 n 1 , so for circular
where we have used the usual form, in ML units,
When both diffusion and attachment barriers are important, the adatom density is depressed part way toward the diffusion solution, but the flux across the interface region must be consistent with the interface concentration, n 1 (r k +1). Thus there are two expressions for the diffusion flux. For r ≥ (r k +1), we have the diffusion solution analogous to equation (A1)
with n 1 = Fτ (1-Z). The effective diffusive capture number is, analogous to equation (A2)
where the factor f B = (n 1 (r k +1))/n 1 .
However, there is also the solution derived from (B3). Here the effective capture number is σ B (n 1 (r k +1))/n 1 = σ B f B . Since both this quantity and equation (B5) , which is given in the text as equation (5).
Note, as a detail, that the argument X k1 of equation (B5) should be evaluated at r = (r k +1), not at r k , as in equation (A2). In figure 2 , we have experimented with this detail, and found that the calculation is a bit sensitive to the exact choice of boundary condition; over-interpretation of a continuum model is of course suspect for clusters of atomic size. Thus the line for B = 2π (i.e.
E B = 0) should fall on top of the no-barrier line if all boundary conditions were exact. Figure 2 shows the case where the argument is evaluated r = (r k +0.5), but a range of constants give very 21 similar results [25] . The divergence between the "no barrier" and B = 2π curves at high dose is due to the need to change other boundary conditions, including modifying direct impingement terms. Since there are several constants that could be changed marginally, with no guarantee of self-consistency, we have left figure 2 unchanged. Such changes have negligible effects on figure   3 , where the lines for B = 2π and the "no barrier" essentially coincide, so only one is shown.
We are now in a position to see that Kandel's limit II [19] arises when σ B <<σ D , so that σ k = σ B . If we use expression (B3) for both σ i and σ x in equation (B2), we have
This is not yet in the right form, but note the term in r x , which is coverage dependent. In complete condensation at island coverage, Z = πn x r x 2 . If we neglect both the difference between Z and θ and the extra terms of order 1, and assume r i ~ i 1/2 in (B6), then we have
By transferring the term in n x
to the LHS of equation (B1) and integrating, we obtain
Equation (B8) shows the 2i/(i+3) power law scaling with (F/D 1 ) for the nucleation density, confirming Kandel's limit II for steady state attachment-limited kinetics, while retaining all the numerical constants. It is also clear from (B7) that the power law is due to σ x , not to σ i ; if there were no barrier term in σ i , (B8) would remain the same except for the slightly modified Arrhenius dependence exp(2β(E i +iE d +(i+1)E B )/(i+3)). If there were a barrier term in σ i but not in σ x , then the power law scaling would be 'normal', i.e. as in equation (B2), but with Arrhenius dependence exp(β(E i +iE d -E B )/(i+2)). Note that in this case, E B reduces the nucleation density somewhat, whereas in (B8) E B increases it substantially.
(iii) Conclusion
Although we have shown that Kandel's steady state formula is functionally correct, the formula may be of limited usefulness. The reduced capture numbers due to barriers lead to increased importance of the transient regime, for which his formula is not applicable. The 2i/(i+3) power law results from the equality of Z and θ in equation (B7), only valid for large 2D
islands and small values of n 1 . Both of these conditions are violated in the transient regime.
Appendix D: Bessel-type equations with non-constant coefficients
We are interested in solutions of a radial symmetric 2D diffusion equation for the adatom concentration n 1 (r) in the presence of a sink of radius r k at the origin with potential energy V(r)
around it. The steady state diffusion solution with V(r) = 0 is known (see Appendix A). The governing PDE is equation (9), and with the transformation n 1 = n.exp(-βV(r)), (10) becomes the equation we need to solve for n(r), with suitable boundary conditions, repeated here as equation
Although the problem is in principle time-dependent, we start from the time-independent formulation. Then, this is a standard Bessel function equation, except for two extra terms on the RHS. The steady state solution for slowly varying (D 1 τ), with τ = τ 0 exp(-β(V(r)-V)) as explained below, is given in the text, leading to equations (13) for n 1 and (14) for the capture number σ k .
The purpose of this Appendix is: 
(i) The slowly-varying case and beyond
The first approximation to equation (D1) arises from neglecting the first two terms on the RHS and treating the third term as a constant, whence the solution for n(r) is as in appendix A,
with
, where A and B are to be determined. The large-r limit is just n = Gτexp(βV).
Since the large argument limit of K 0 (X) is (π/2X)
, the second term in (D2), which accounts for the diffusive flux, goes exponentially to zero. Thus the term A must account for (Gτ).exp(βV(r)) as well as possible over the important range of r. The uniform depletion approximation implies that τ is constant, but that is clearly inconsistent with the equilibrium case, as described in the text. If τ = τ 0 exp(-βV(r)), then A = (Gτ).exp(βV(r)) = Gτ 0 exp(βV) is indeed constant, though τ varies. In the absence of a diffusion gradient then n is constant, and n 1 (r) = n.exp (-βV(r) ). With a diffusion gradient, this value of n 1 (r) is reduced to zero at r = r k , but the diffusive contribution is reduced from the normal situation by the factor exp(-βV(r k )).
Converting (D2) back to n 1 (r) we have
as given in the text as equation (13), and equation (14) for the capture number follows from equation (8) . The profile n 1 (r) for these equations is illustrated for a specific set of parameter values in Figure 4 (a).
Other approximations are possible, but they do not alter our qualitative conclusions. For example, when the capture numbers are small, transient nucleation is more important, and hence the first time-dependent term on the RHS of (D1) is not zero. In the limit of no nucleation n 1 (r) is initially equal to G/D 1 , for all r > r k ; Since in this limit everything is linear, this term can then be combined with the third term, and cancels it precisely. But this is misleading, as the capture number results from the derivative at r = r k and this is mathematically infinite in such an initial including those illustrated in figure 4(a) , the n 1 (r) curves are dominated by the equilibrium, constant n(r) profile, except close to r ~ r k ; the diffusion component is sharply reduced, as emphasized in equation (13) and in the text discussion.
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Finally, there is the possibility that V(r) has its maximum value at r > r k . Then, as shown by calculation of specific forms of V(r), the assumed diffusion solution can exhibit unphysical negative values of n 1 (r). This arises, as explained in the text, because the assumed diffusive contribution is too large, and needs to be reduced to remain positive in the neighborhood of r ~ (r k +r 0 ). As found in appendix B also, this case corresponds to attachment-limited kinetics, where we have to consider the atomistic events taking place around the maximum of V(r). This is one of the special cases that have been pursued by computation, as illustrated in figure 4(b) , and explained below.
(ii) Capture number algorithms
The algorithms used for diffusion and annealing programs have been explained in outline in section 5, and only a few points are elaborated here.
The core of the codes is a simple, explicit, integration routine for n 1 , n x , and the coverage (Z = n x w x ), which contain the capture numbers σ i and σ x . This few lines of code contain all the processes that lead to changes in n 1 , n x , and Z; the integration dose or time scale (linear, logarithmic or square-root as illustrated here) is set by a single '∆t' parameter. Convergence of the code is easily checked by varying the step length by factors of 2 in either direction; smaller step lengths lead to better accuracy, provided digitally-induced noise is avoided, but to larger file sizes; larger step lengths may decrease accuracy somewhat, but reduce file sizes markedly. In the cases illustrated here, file sizes were less than 100 kB, and files half this size would not markedly decrease the accuracy (differences less then the line-width on the plots). More sophisticated integration routines are available in MatLab and σ x , with the arguments X k given by 
(iii) Interpolation formulae for time-dependent capture numbers
As explained in outline in the text, an interpolation scheme is needed, which will take the value of the capture number from an initial uncorrelated value to a final diffusive value over the correct range. The capture number in this regime is a function of (D 1 t), and B V via equation (15) , as can be seen from the rate equations for initial annealing with G = 0:
The initial conditions: (n 1 , σ 1 ) and (n x , σ x ) for annealing are those appropriate to the end of deposition. In the low temperature, low dose, deposition case of Cu/Cu(111) considered, there is very little diffusion during deposition, so that initial capture numbers are given by equation (15) .
The coupled equations (D5) and (D6) require time-dependent capture numbers, and one can see that, when n 1 > n x , the first term on the RHS of (D5) is likely to be larger than the second. By the time this situation is reversed, the diffusion solution will be appropriate, and the transient "problem" has gone away; the transient contains a finite number of adatoms nucleating and joining clusters. However, it is relatively more important during annealing than during deposition. During annealing there is no replacement of the adatom concentration, so if σ 1 is 27 small via (B V /2π) << 1, then n 1 stays at its initial value, and no annealing takes place. During deposition, however, the small values of σ 1 and σ x mean that the value of n 1 keeps on rising, giving rise to a compensation effect. This effect can be seen at work in the schematic radial distribution curves shown in figure 4 .
During annealing, however, the capture number decreases as follows:
where σ kd is the diffusive contribution given by equation (14), σ init is the initial barrier form of the capture number, and f t is a transient factor, such that at (D 1 t) = 0, f t = 1, and as (D 1 t) → ∞, f t → 0. Short of a complete closed form solution to time-dependent equations for the capture numbers, we have experimented with justifiable forms of f t . Our best fits to date are given in figures 6(b) and 7, based on σ init = σ B f t , but note that this f t doesn't have to be the same as the f t in (D7). The physical argument used is that the transient is due to capture from a diffusion zone around the adatom or cluster considered, whose radius r d increases with time as some function of (D 1 t) and B V .
In that case, we can write by analogy with equation (A1) . See text for discussion and Appendix B for detailed conditions.
For the capture numbers with no barrier, the curves are as indicated, and the correspondence with the case B = 2π is discussed in Appendix B. 
